We consider two-dimensional Brans-Dicke theory to study the initial singularity problem. It turns out that the initial curvature singularity can be finite for a certain Brans-Dicke constant ω by considering the quantum back reaction of the geometry. For ω = 1, the universe starts with the finite curvature scalar and evolves into the flat spacetime. Furthermore the divergent gravitational coupling at the initial time can be finite effectively with the help of quantum correction. The other type of universe is studied for the case of 0 < ω <
Introduction
The classical solution of general relativity may yields curvature singularity in the black hole physics and cosmology. This divergent physical quantity seems to be mild with the help of quantum gravity. However, the consistent quantum theory of gravity has not been established. The perturbation theory of Einstein gravity is invalid in higher loops. As far as a consistent and renormalizable quantum gravity does not appear, it seems to be difficult to resolve the singularity problem.
On the other hand, in two dimensions there exists some renormalizable gravity such as Callan-Giddings-Harvey-Strominger (CGHS) model [1] and Russo-Susskind-Thorlacius (RST) model [2] including soluble one-loop quantum effect. And various aspects of quantum cosmology in two-dimensional gravity have been studied in Ref. [3] [4] [5] 11] . The twodimensional Brans-Dicke theory is also a good candidate to study the initial singularity problem on the basis of conventional quantum field theory without encountering the fourdimensional complexity. If the model gives the initial singularity classically, it would be interesting to study how to modify the classical singularity through the quantum back reaction of the geometry. If quantum corrections drastically modify the classical theory and the curvature singularity does not appear, then the initial curvature singularity may be ascribed to the classical concept.
In this paper, we shall study the classical curvature singularity of expanding universe in the two-dimensional Brans-Dicke model which exhibits the initial singularity of curvature scalar and the divergent coupling in sect. 2. This initial singularity can be shown to be finite for some special value of Brans-Dicke constant by considering the quantum back reaction of the geometry in sect. 3. For ω = 1 the model exhibits the finite curvature scalar at the initial comoving time whereas for 0 < ω < 1 the curvature is bounded and the extremum exists at the finite comoving time. And the gravitational coupling in both cases becomes finite. If ω > 1, the curvature scalar is not bounded. Finally discussion is given in sect.4.
Classical Brans-Dicke theory
We start with two-dimensional Brans-Dicke action,
where R and φ are curvature scalar and redefined Brans-Dicke scalar field, respectively, and ω is an arbitrary positive constant. To write down ψ = e −2φ , then the conventional BransDicke form is recovered. In our model, the large ω limit does not give the locally non-trivial gravity on the contrary to the four-dimensional Brans-Dicke theory since in two dimensions the Einstein-Hilbert action is proportional to the Euler characteristic.
We now consider the classical conformal matter fields given by
where i = 1, 2, . . . , N and N is the number of conformal matter fields. Then the action (1) and (2) lead to classical equations of motion with respect to g µν and φ,
where
and classical energy-momentum tensor T Cl µν sets to zero for simplicity. We now choose the conformal gauge such as g ±∓ = − we obtain the conformal gauge fixed forms,
and the equation of motion for φ is given by
where x ± = t ± x. The classical solutions in the homogeneous space are given by
where M is an integration constant and we take M as a positive constant to obtain positive time t. The other two integration constants are chosen to be zero since they have no important role in our case. On the other hand, in the comoving coordinates defined by
, the curvature scalar R(τ ) and scale factor a(τ ) are written as follows,
where Mτ = 
< 0, and the universe shows the decelerating expansion. It is natural to obtain the negative curvature scalar in Eq. (11) corresponding to the desirable decelerating universe since in two dimensions R is directly proportional tö
Note that the gravitational coupling can be defined by
and from Eqs. (9) and (12), it yields
.
It shows that the divergent coupling at the initial time decreases and goes to zero in the asymptotically flat spacetime.
In the next section, we study whether the initial curvature singularity and the divergent coupling can be modified or not in the quantized theory. We hope the resulting quantum theory gives the singularity free cosmology with the finite coupling.
Quantum Back Reaction
We consider the one-loop effective action from the conformal matter fields which is given by
where κ =h
. The first term in Eq. (15) is due to the induced gravity from the conformal matter fields. The other two terms are regarded as local regularization ambiguities of conformal anomaly. The similar effective action was already treated on the purpose of studying the graceful exit problem of the string cosmology in the large N limit [6, 7] . The higher order of quantum correction beyond one loop is neglizable in the large N approximation where N → ∞ andh → 0 so that κ is assumed to be positive finite quantity.
By introducing an auxiliary field ψ, Eq.(15) may be written in the local form of
Now the total effective action is defined by
where the matter part is formally composed of two pieces of S M = S Cl + S Qt , however, we neglect the conformal matter fields just like the classical cosmology for simplicity. The equations of motion with respect to g µν , φ, and ψ from the action (17) are
where T M µν is the energy-momentum tensor, which is given by
In the conformal gauge fixing, the energy-momentum tensor is written as
where t ± arises from elimination of auxiliary field and reflects the nonlocality of induced gravity. Defining new fields as follows [7] [8] [9] ,
the equations of motion (18)- (20) are obtained in the simple form of
and the constraints are given by
In the homogeneous spacetime, general solutions are
where Ω 0 , χ 0 , A, and B are constants. Choosing the quantum matter state as vacuum [10] , (30), we obtain the following closed forms
To study how the universe evolves as time goes on, we redefine time t as a comoving time τ defined by τ = t dte ρ(t) , and then the metric can be expressed as
, where a(τ ) is a scale factor. In the case of τ → +0 (t → −∞), the behavior of scale factor is approximately given by
where τ ≈ 
2 . This shows that the spacetime exhibits the decelerating expansion for 0 < τ < ∞.
The exact expression of curvature scalar is written in the form of
Note that the condition for boundedness of the scalar curvature is given by the range of 0 < ω ≤ 1 as easily seen from Eq.(39). Therefore we restrict the Brans-Dicke constant as 0 < ω ≤ 1 to avoid curvature singularity. The initial curvature scalar approaches asymptotically zero for 0 < ω < 1. It is finite R(0) = − 8M 2 κ 3 for ω = 1 (see FIG. 1 and 2) . In fact, we can obtain the closed form of scale factor. By differentiating Eq.(31) and transforming coordinates from (t, x) to (τ, x), we find the equation of scale factor a(τ ):
Through the integration of Eq.(40), it leads to the closed form
with the initial condition a(0) = 0. It is difficult to generically show the behavior of scale factor, so the scale factor and curvature scalar are depicted for the special values ω = 1 and
in FIG. 1 and 2 .
As for the gravitational coupling, it is easily seen from the string theoretic point of view by using the nonlinear sigma model in [12] . The total action (17) can be written in the form of
where the target metric is given by
, the curvature scalar in the beginning of inflation approaches zero and spacetime is flat in the far future.
and the target coordinate is X i = (φ, ρ). Therefore we obtain the effective coupling g eff as
In the classical theory such as κ = 0 (g eff = g N ), the coupling diverges at the initial time of inflation as seen from Eq. (14) and approaches zero in the far future. However, after taking into account of the quantum back reaction, the coupling is interestingly given by the finite
in the beginning of inflation and decreases monotonically during the expansion of the universe.
Next we study what is the source of the decelerating expansion of universe. If we take the quantum mechanically induced matter as a perfect fluid, then we can realize the induced pressure is directly related to the curvature scalar. And the induced energy is always zero from the constraint equation. To show this fact, Eqs. (5) and (21) are written in the comoving coordinate as
by using the solution φ(τ ) = − 1 ω ln a(τ ). Then we obtain
after eliminatingä(τ ) by using Eq.(40). The pressure for the perfect fluid becomes
where we used Eq. (39). Note that the curvature scalar which characterizes the geometry in two dimensions is of relevance to the pressure. This is a dynamical equation of motion while Eq. (45) is just a constraint equation in the comoving coordinate. Therefore, the source of dynamical evolution of the geometry is determined by the pressure. In our model, the induced energy always vanishes.
Discussion
The curvature scalar is defined by R = for simplicity.
Then the scale factors around the initial comoving time are expanded as
This is the reason how the curvature scalar is finite or zero near the origin although the scale factor goes to zero.
In summary, we have studied the curvature singularity problem using the conventional quantum field theory in the two-dimensional Brans-Dicke cosmology and obtained the bounded curvature scalar and the finite gravitational coupling for 0 < ω ≤ 1. We hope that the consistent quantum gravity may solve the singularity problems in the realistic cases in the future.
